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Abstract:

In this paper, we apply the notion of bipolar-valued fuzzy set to groups. We introduce the
concept of (y, y )-bipolar fuzzy groups / (fuzzy d-ideals of groups and investigate several
properties. We give relations between a (y, x)-bipolar fuzzy group and (v, x )-bipolar fuzzy d-
ideal. We provide a condition for (v, y )-bipolar fuzzy groups to be a(y, x)- bipolar fuzzy d-
ideal. We also give characterizations of (v, x)-bipolar fuzzy ideal. We consider the concept of
strongest (y, x)-bipolar fuzzy relations on (v, x)-bipolar fuzzy d-ideals of a group and discuss

some related properties.
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Section-1 Introduction: Fuzzy sets are a kind of useful mathematical structure to represent

a collection of objects whose boundary is vague. There are several kinds of fuzzy sets
extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval valued fuzzy
sets, vague sets etc. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership
degree range is enlarged from the interval [0, 1] to  [-1, 1]. Bipolar-Valued fuzzy sets have
membership degrees that represent the degree of satisfaction to the property and its counter
property. In a bipolar valued fuzzy set the membership degree 0 means that elements are
irrelevant to the corresponding property, the membership degrees on (0,1] indicate that elements
some what satisfy the property, and the membership degrees on [-1,0) indicate that elements
somewhat satisfy the implicit counter property. In the definition of bipolar-valued fuzzy sets,
there are two Kkinds of representations so called canonical representation and reduced
representation. In this paper, we use the canonical representation of bipolar valued fuzzy sets. In
this paper, we apply the notion of bipolar-valued fuzzy set to groups. We introduce the concept
of (v, x )-bipolar fuzzy groups / fuzzy d-ideals of groups and investigate several properties. We
give relations between a (\, x)-bipolar fuzzy group and (v,  )-bipolar fuzzy d-ideal. We provide
a condition for (y, y )-bipolar fuzzy groups to be a(y, x)- bipolar fuzzy d-ideal. We also give
characterizations of (y, y)-bipolar fuzzy ideal. We consider the concept of strongest (v, ¥)-
bipolar fuzzy relations on (y, x)-bipolar fuzzy d-ideals of a group and discuss some related

properties.

2.Preliminaries
2.1 Definition: Let ‘S’ be aset. A fuzzy setin S isa function p: S—>[0,1]

2.2Definition: Let ‘G’ be a non-empty set. A bipolar-Valued Fuzzy set A in G is an object
having the form A = {(X, pa’(X), pa’(X) / XxeG} where pa":G=>[0,1] and ua G [-
1,0] are mapping. The positive membership degree pa*(x) denotes the satisfaction degree of an
element x to the property corresponding to ‘A’ and the negative membership degree pa’(X)

denotes the satisfaction degree of x to some implicit counter property of A.

2.3 Definition: A bipolar fuzzy set ‘A’ in X is called a (y,  )-bipolar Fuzzy group (BPFG)of X
if it satisfies
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(BPFG1) A’ (Xxy) N w=T{pa"(x), ua (M3}vx
(BPFGy) pa (Xy) Ny <S{pa(x), pa(V)}vx
(BPFGs)  pa'(x7) Ny pa'(x) vy and

(BPFG,) na (X Ny < pa(x) vy for all x,yeX.

2.4 Definition: For a bipolar fuzzy set ‘A’ and (B,0) € [-1.0] x [0,1], we define

A= (xeX/pa'(x) >a}, As = {xeX/pa'(x) > o} which are called the positive a-cut

and negative 3-cut of A respectively.

2.5 Definition: A bipolar fuzzy set ‘A’ in X is called a (v,  )- bipolar fuzzy d-ideal of X if it
satisfies;

(BPFDIy) pa'(X) Ny > T{ pa'(xy), pa ()} vy

(BPFDIy) pa (X) Ny =S{pa(xy), pa()}vx

(BPFDI5) pa'(®) Ny> pa'(X)vyand  pa(€) Ny > pa’(x)vyand for all
X,y € X.

2.6 Definition: Let A and p be two fuzzy subsets in X. The Cartesian Product of A"xpu": X x X
- [0,1] is defined by A" xp*(x,y) = T{ A" (x), u’(y)} and Axpti X x X > [0,1] is
defined by A'xpu” (x,y) = S{ A (x), u'(y)} forall x,y e X.

2.7 Definition: Let f : X = Y be a mapping of group’s and ‘u’ be a bipolar fuzzy set of y. The
map uf is the pre image of pj and p, under f. so pff(x) = u+f(x), uz'f(x) = p’f(x)

2.8 Definition: Let ‘A’ be a bipolar fuzzy set in a X, the strongest (v, y )- bipolar fuzzy relation
on X that is fuzzy relation on A is pa given by,

ma"(xy) Ny =T{A(x), A*(y)} v x

ua (xy) Ny =S{A(X), A(y)} v x for all x,y & X.

3.Main Results

Proposition 3.1: If ¢ is a (y, y )-bipolar fuzzy group of X, then p, (€) N w > p, (X) vyand pg
) Ny <py(x)vyforall x e X.

Proof: Let x € X, then
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H<P+(e) Ny = H<P+(X X_l) Ny=T{ H<P+(X)a M<P+(X-1)} vz T H(P+(X): ],t(p+(X)} VX 2

Mo () v

and py'(€) Ny =y (XX Ny < SLpe (9, e (XHI VS { e (%), 1y (O} v X < py ()
vy

This completes the proof.

Proposition 3.2:Let ‘¢’ be a (y, x)- bipolar fuzzy group of X, then the following assertations are
valid.

(i) (V 0 [0,1] (0o #d = ¢ is agroup of X)

(i) (V B e[-1,0] (dp" = ¢ = dg is a group of X)

Proof: Let t £ [0,1] be such that ¢ #¢. Ifx,y e ¢, then py"(X) Ny >tvyand py (y) Ny >t
vy It follows that pg"(xy) ) Ny =T { " (x), e (NI v >tvy

Corollary 3.3:If ¢ is a(y, ¥ ) -bipolar fuzzy group of X, then the sets ¢" -+ and O He
(e) are group of X.

Proof: Straight forward.
Proposition 3.4:Let ¢ = (X, py", 1y ) be a (v, x )-bipolar fuzzy d-ideal of X. If the inequality xy
<z holds in X, then
Mo () Nw=T { wy'(y), o' (@) Fvx
My () N W= S {1y (), wy' (D) Fvx
Proof: Let X, y, z € X be such that xy < z, then (xy)z = 0, and so
e () Nw=T { pg"(xy)s e I v = T AT { 1" (xy)z, 1o (@)} 1™ () v 1 =T{T
{17 1" @}, e M v =T { 1" (¥), o' (2) } v x and
Ho () Nw<S { py (xy), o NI v <SS { 1y (Xy)zZ, 1y (2)}, my () } v x
=S{S{m ), @} meMIve=S{uy (., s (@) }vy
This completes the proof.
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Proposition 3.5:Let ¢ be a(y, y ) -bipolar fuzzy d-ideal of X. If the inequality x<y holds in X,
then 1" (x) Ny > py"(y) v and pg () Ny < g (y) v x.

Proof: Let x, y € X be such that x <y, then py"(X) Ny > T { py"(xy), 1o (W)} v x =T{
Mo (©), My (NI v =1 (Y) VX Ho () Ny =S { g (xy), my ()} vx

=T{ry(e) mo N}va=ny(y) vx

This completes the proof.

Proposition 3.6:In a group X, every (v, x )-bipolar fuzzy d-ideal of X is (v, x)-
bipolar fuzzy group of X.

Proof: Let ‘¢’ be a(y, x ) bipolar fuzzy d-ideal of a group X. Since xy < x for all x,y & X, it
follows from Proposition (3.5) that

e (XY) Ny >T { wy'(x) and py(X) N w<py(X) vy , sofrom Proposition 3.1

(BPFG1) iy (xy) Ny =T { o (%) v =T {pg" (xy)shto (V)3 v X = T{ py' (),

e ()3} vx

and

(BPFG2) g (Xy) Ny < g (X) v < S { 1y (xy)s Mo (N} v < S{ o (X), g ()} v

e () Ny =T {py (xy), e (I v =T 1y (@), po" (NI v = e’ (X) vx we (XY Ny

<SS { e (xy), o (M} v =S{re(e) o (W} vx<p(x)vy Hencedis (v, x)-bipolar fuzzy
group. The converse of the theorem is not true in general.

Proposition 3.7:Let ‘¢’ be a (v, y ) -bipolar fuzzy group of a group X such that Proposition 3.2
holds for all x, y, z € X satistying the inequality xy € z then ¢ is a (v, x )- bipolar fuzzy
d-ideal of X.
Proof: Recall from Proposition 3.1; that p, (€) N w >, (X) vy and p, (€) Ny <p, (x) vy for
all x ¢ X. Since x (xy) <y for all x, y & X, it follows that Proposition 3.2,

e (}) Ny =T { g’ (xy), 1" (Y)} v x and

e (X) Ny =S { g (xy), o (V)} v x
Hence ¢ is a (y, y )-bipolar fuzzy d-ideal of X.
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Proposition 3.8: Let A and p be (y, y )- bipolar fuzzy d-ideal of X, then Axp is also (v, x )-

bipolar fuzzy d-ideal of X.
Proof: For any (X1, X2), (Y1, ¥2) € X x X, we have
(BFdy) (A" > p") (X1, X2) Ny =T A" (x1), n'(x2) 3 Ny
>T { T{L" (X1, y2), A (YD)} T{u" (X2 ¥2), 0" (y2)} 3 v
=T { T{ X" (X1, y2), 0" (X2, Y2)}, T{(yo), 1’ (¥2)} 3 v
=T{(X" x ") ((X1, X2), (Y, Y2)} v %
(Axp) (X1, X2) Ny = S{A(Xa), p(x2)} Ny
< S{S{A(XuY1), A (Y1)}, S{ R (X2Y2), w(y2)} v
= S{ SV (Xuyn), w(X2,Y2)}, STA (Y1), K (Y2)} v
=S{ (A xw) (X1, X2) (Y1, ¥2), Axw)(y1, y2)} v ¢
') (%) Ny
= T, w0} Ny >T{ T (Xayn), A (YD} T4 n'(X2.y2), n'(y2)} v x
= T{ T{X"(X2,y2), £'(X2,y2)}, T{ A (Vo). 1 (y2)} v x
= T{ (") (X1, X2) (Y1, Y2), Axp) (Y, Y2)} v 2
() (7 X2 Ny =S, K )} Ny
< S{S{M(XuYyn), Ay}, S{r(X2,y2), w(y2)} v
= S{S{M(Xuyn), wX2,Y2)}, STA (Y1), k(Y2)} v x
< S{ (W) (X1, X2, Y1, Y2), (WX)(Ya, Y2)} v

Hence Axp is (y, x )-bipolar fuzzy d-ideal of X.

Proposition 3.9:Let f: X = Y be a homomorphism of groups. If ‘i’ is a
bipolar fuzzy d-ideal of y, then uf is(y, x )- bipolar fuzzy d-ideal of X.
Proof: For any x € X, we have

w0 Ny = ' (f(x) Ny = p'e) vy = (fe) vx=n"e) vx

wie) Ny =p X)) Ny<pEvy=we)vy= n'E)vy
Letx,yeX

(W,X )'
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T xy), w(y) 30w = T{u'(f(xy), 0 (fy) 30w = T{ ()-f(y)), ' (F0)} Ny <
W) vy =09 vy
S{u(xy), 1)} Ny =S Lwf(xy), w )3 Ny =S L w(x),f)), w(f(x) 3Ny >

(FO) v =) vy
Hence p' is(y,x )- bipolar fuzzy d-ideal of X.

Proposition 3.10: Let f: X = Y be an epimorphism of groups. If p,f is (v, x )-bipolar fuzzy d-
ideal of X, then p(y, y ) - bipolar fuzzy d-ideal of Y.

Proof: LetyeY, there exists x € X such that f(x) =y, then

W) Ny = () Ny=px) Ny<pe)vy=u'fe)vx=un'E)vx

w(y) Ny =) Ny =p'()Ny=p'e)vy=p(fe)vy=p(e)vx

Let X, y € Y, then there exists a, b € X, such that f(a) = x and f(b) = y. It follows that
W) Ny =p'(f@ Ny=p"@vy and wx) Ny=p(f@ Ny=pa)vy

> T{ u"(ab), k(0)} v =T{ w'(f(ab), w(F(0)} v x = T{ w'(F(a).f(b)), W (F(D)} v 1
=T{u'(xy), 0’ (N} vy

Also

<S{ w'(@b), w'(B)} vz =S{ W(fab), wf(B)} v 1 = S{ W(f(a).f(b)), W(F(B)} v x

=S{p &y, ()} v

Hence p is a(y,y ) -bipolar fuzzy d-ideal of y.

Proposition 3.11: Let ‘A’ be a bipolar fuzzy set in a group X and ua be the strongest (v,  )-
bipolar fuzzy relation on X, then A is a (v,  )-bipolar fuzzy d-ideal of X if and only if pa is a (v,
x )-bipolar fuzzy d-ideal of X x X.

Proof: Suppose that ‘A’ is a(y, ) -bipolar fuzzy d-ideal of X, then

ua'(e e) Ny = T{A'(e),A"E}N v

>T{A(X), A" (W)} vy=pa'(x,y) vyforall (x,y) e X x X.

pa(e,e) Ny =S{A(e)A()}N y< S{AX),AW}vr=pra(X y)vyforal(x,y)eXxX.
For any x = (X1, X2) and

y=(y1, ¥2) e X x X.
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HA"(X) Ny = pa"(Xe, X2) Ny

= T{A"(x), A"(x2} N v >T{T{A (xv,y1), A"(y)}, T{A (X2 y2), A"(y2)} I v ¢

= T{ T{A"(x1, Y1), A"(x2, y2)}, T{A"(y1), A"(y2) } } v x

= T{ pa'(X1, Y1), (X2, ¥2)) va' (Y1, Y23 v = T{pa'(xy), na ()} v

Ha (X) Ny = pa (X1, X2) Ny

= S{A(X), A2} N w=S{S{A (X1, Y1), A (YD} S{A (X2, ¥2), A(Y2)} } v

= S{S{A (X1, y1), A(X2, Y2)}, S{A (Y1), A(Yy2) } }vx

= S{pa(Xe, Y1), (X2, ¥2)), pa (Y, Y2)} v = S{ na(xy), pa ()} v x

Hence pa is a (v, x )-bipolar fuzzy d-ideal of X x X. Conversely, suppose that pa is a (v, x )-
bipolar fuzzy d-ideal of X x X. Then,

T{A'(e), A"E}Ny=pa"(e,e) Ny

> pa" (X, Y) v = T{AT(), AW} v x V(X y) £ X x X,

S{AE).AEFNy=pua(e, ) N<pa(x,y)vy=S{AX), Ay)}vx

for any x = (X1, y1) and

y =(y1, ¥2) € X x X., we have

T{A(X2), A2} Ny = pa(Xy, X2) N = T{pa((X1, X2), (Y1, ¥2)), ma(ys, Y2)} v x

= T{pa(Xays, X2¥2)), ua(ys, ¥2)} v x = T{ T{A(Xy, Y1), Alxz, ¥2)}, T{A(Y1), AY2)} v x
= T{T{AXw, y1), A(ys), T{A(X2, Y2), Ay2)} v x

Putting x; = X = 0, we have

ra(x1) Ny = T{pa(Xy, Y1), wa(y)} v x

Likewise, pa(X1y1) > T{pa(X1), pa(x2)}

S{AGG), AX2)} Ny = palXs, X2) vs S{pa((Xs, X2), (Y1, ¥2)), a(Y1, Y2)} v X

= S{pa(Xwy, X2Y2)), pays, ¥2)} v = S{S{AX1, Y1), A(Xz, Y2)}, S{A(YL), A(Y2)} v x
= S{S{ A(xw, Y1), Alyr), S{A(Xz, ¥2), Ay2)} v 1

Putting x; = X2 = 0, we have

ra(X1) Ny < S{palXs, Y1), palyn)} v

Likewise, pa(X1y1) N v < S{palX1), pa(X2)} v x. Hence Alisa
(v, x )-bipolar fuzzy d-ideal of X.

Proposition 3.12:Let ¢ be a bipolar fuzzy set in X, then ¢ is a(y, x ) -bipolar fuzzy d-ideal of X

if and only if it satisfies the following assertations.

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Js=NNECEELEMITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



ST SIVIER s EISSN: 2320-0294

2014

(Vae[0,1] (¢ #¢ = ¢ isan ideal of X)

(VBe[-1,0] (¢s #¢ = ¢g isan ideal of X)

Proof: Assume that ¢ is a(y, x )- bipolar fuzzy d-ideal of X. Let (s,t) € [-1, 0] € [0,1] be such
that ¢ = ¢ and ¢s # ¢.

Obviously, e € ¢t+ N Os .

Let x, y € X be such that Xy € ¢t+ andy ¢ ¢t+ , and

Let a, b € X be such that abeds and b € ¢s , then
Mo (XY) N>ty pe'(Y) Ny =tvy, py(ab) Ny <svyand py(0) Ny<svy.

It follows from Proposition 3.1

') Ny =T { py'(xy), by (y)} =tvy  and

o (@) Ny< S {py(ab), uy(d)<svy

sothatx € ¢ and a € ¢s. Therefore ¢, and ¢s are ideals of X.

Conversely, suppose that the condition (corollary) is valid. For any x & X, let p, (X) N v
=tvyand p,(X) Ny =svy, thenx & ¢ M ¢s, and so ¢ and ¢s are non-empty. Since ¢;" and
s are ideal of X, e € ¢ M s . Hence py'(6) Ny >tvy =y (X) vyand py(e) Ny <
Svy =y (X)vyforall x e X.

If there exists x*, y', a', b* & X such that py (x") Ny < T{ pe (XYY, o ()} v x
and py (') Ny > S{ py'(@'h"), pg (b} v x then by taking
to=" { to (X7) + T{ pg" (X'y"), 1o ()}
So=" { my @) + S{ py'(@'b?), ny (")}
We have,
M (X)) Ny <t T{pg (XY, g (YD} vt
e @) Ny <so< S{py(ahh), py(0H} vy
Hence x* edn’, X' Y € do’, Y € 0, a° ¢ ¢  and b' € dgg”. This is a contradiction and

thus ¢ is a(y, y )- bipolar fuzzy d-ideal of X.

Conclusion: K.J. Lee [6] introduces the notion of bipolar fuzzy sub-algebra and bipolar fuzzy
ideals of BCK/BCl-algebra. In this paper, we provide a condition for a (v, x )-bipolar fuzzy
group and (v, y )-bipolar fuzzy d-ideal. We give relations between a (v, x )-bipolar fuzzy group
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and (v, y )-bipolar fuzzy d-ideal. We consider the concept of strongest (y, x )-bipolar fuzzy

relation and discuss some related properties.
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